INTRODUCTION 1. UVOD
Theoretical basis of linear elastic anisotropic and orthotropic material is the concept that implies defi nition of stress-strain as well as reciprocal strainstress dependencies. From the general 3D state of stress, 2D case that represents conditions of plane state of stress was derived, and for these conditions classical thin plate and shell theory were applied, with the focus on wood composite structures. By introducing reduced stiffness of composites, both linear and nonlinear numerical integrations of respective tangential stiffness matrixes were translated into the problem of classical plate theory.
The aim of this paper was to specify a mathematical model for the calculation of complex laminate, and develop the procedure that applies reduced plate, which can reliably replace the use of complex laminate. We presented a formulation of composite fi nite plate element in the case of geometrical and material linear and nonlinear treatments by application of reduced stiffness of the composite, concluding with the recommendations and guidelines for further researches. The paper represents an integral part of the research presented in (Nestorović, 2010) , certain parts of which, referring to the results of FEM calculations and experimental measurements, were previously published in (Nestorovic et al., 2011 (Nestorovic et al., , 2012 (Nestorovic et al., , 2013 ; Nestorović and Grbac, 2011).
Laminae as arbitrary layer of laminate

Lamela kao proizvoljni sloj laminata
The structure of the laminate represents the compound of a number of laminae, whose principal material directions are oriented to enable the laminate structural capability to resist loads in different directions. Application of Classical Lamination Theory (CLT) facilitates the explanation of laminate structure starting from its base building layer -laminae.
CLT in the conditions of bending is based on Kirchhoff-Lowe hypothesis of fl at sections before and after deformation. Namely, the linear element orthogonal to the mid-plane of the laminate after deformation remains fl at, unchanged in length and perpendicular to the deformed mid-surface of the laminate. This condition will be fulfi lled only if all compatibility conditions of overlapping of displacements in all points of the laminae with the adjacent layers are satisfi ed. Hence, it can be concluded that laminae behaves as a layer with special properties. With this in mind, it is possible to determine the change of dilatation and stress through the thickness of the laminate.
The technical hypothesis of length changelessness and linear element orthogonallity on the midplane of the laminate before and after deformation (direction ABCD under deformation, Figure 1 ), means that dilatations in z direction, as well as shear deformations in plans orthogonal to the mid-plane of the laminate, equal zero ( ). If displacement is denoted in the x-direction of the point B, which is not the mid-plane of the laminate, with, than the displacement of the arbitrary point C, on equidistance from the middle plane in the same direction, is (1) where is rotation of the cross section of laminate around y-axis (2) Let and be displacements of the points on the middle plane in the directions of x, y, and z-axis. Based on the expressions (1) and (2), it can be concluded that displacement in any point through the thickness of the cross section of the laimate is Consequently, displacement in the y direction is (4) where β x is rotation of the cross section of the laminate around x-axis.
Having in mind geometrical relations that established dependence between strains and displacements (5) Using matrix notation, the following equation can be expressed: (6) whereis the mid-plane strain and κ is the vector of second derivatives of the displacement, i.e. curvature (7) The component κ xy is a twisting curvature, stating how the x-direction mid-plane slope changes with y (or equivalently, how the y-direction slope changes with x).
Having in mind that the geometrical relation (5) belongs to the plate theory, Jones (1975) stressed that the more correct designation for the classical lamination theory (CLT) would be the classical theory of laminated plates.
Stress and strain relations in the case of orthotropic laminae, in which the calculated and main material directions do not coincide, in accordance with equation (5), will be expressed as follows (8) where denotes transformed stiffness matrix in the state of stress. Figure 3 shows laminate of the thickness h composed of Nlaminae. Z-axis is directed downward from the laminate midd-plane.
Components of membrane forces and bending moments will be determined as (10) while index " k " represents k-th laminae (layer) in the laminate.
Integrating the expression (10), it follows that
where matrixes
represent laminate stiffness on elongation, banding as well as coupled stiffness. Based on the (12) and (13), it can be concluded that in general case of anisotropic laminate, membrane forces are not just a function of membrane deformation, but of the change of the curvature as well. On the other hand, it can be easily noted that bending moments and torsion moments in arbitrary laminate section do not only depend on a change of curvature of its mid-plan, but also on membrane deformations. The infl uence of the curvature change in the membrane section forces as well as the infl uence of membrane deformations on section bending forces is expressed by coupling stiffness of laminate D mb .
STIFNESSES OF THE LAMINATE AND LAMINAE
KRUTOSTI LAMINATA I LAMELE
Coupling stiffness D mbij is the consequence of both material characteristics of the laminate and geo- metrical arrangement of laminas in the laminate. Neglecting the infl uence of coupling stiffness, in the cases when they are present in the composite structures, could mischief the accuracy of stability calculations of these composite structures. Therefore, attention should be paid to the review of the following groups of composites, in specifi c laminates.
Single-layer isotropic "laminate"
Jednoslojni izotropni laminat
Though the notion laminate implies multilayer structure, Jones (1975) used this name with the intention to demonstrate that laminate stiffness, given by the relations (13), could be reduced to the level of isotropic plate stiffness.
On that basis, from the expression (13), it can be concluded that in the case of isotropic plate there is no coupling between banding and stretching, i.e. expressions for the forces and moments are In the case of special orthotropic laminae of thickness h and stiffness Q ij , given the equation (14), material stiffness matrixes have the following form (17) with the components (18) where it can be seen that in the case of laminae, in which geometrical (calculated) main directions coincide with main directions of material characteristics, there is no coupling between bending and membrane stress.
EQUILIBRIUM EQUATIONS OF LAMINATED PLATES 3. JEDNADŽBE RAVNOTEŽE LAMELIRANIH PLOČA
In the study of laminated plate theory, inputs are based on the following constraints and assumptions: each laminae in the laminate is orthotropic, linear elastic, of constant thickness, so that laminate (plate) has also constant thickness, which is small compared to the other dimensions; further, there are no internal friction forces, Kirchhoff hypothesis of non-deformable normal on the mid-plan is applicable, displacements u, v, and w are small compared to the plate thickness and dilatations e x , e y and g xy are infi nitesimal values. Finite element of laminate will be obtainted by integration of fi nite elements per thickness of the laminate. This integration is not a mathematical problem, and in the fi nite element methodology, it is known as layered approach. It could be concluded that the laminate element represents a layered fi nite element. For this reason, in order to formulate the fi nite element of laminate, it is fi rst necessary to formulate fi nite laminae element of unit thickness.
Finite laminate element
Konačni element laminata
The fi nite laminate element represents a composite of fi nite elements of laminaes. Since each laminae in the laminate represents a layer of constant thickness, it follows that the formulation of the fi nite element of the laminae is subjected to so call layered approach of fi nite element. Compatibility conditions for displacements and deformations of layers are satisfi ed not only at nodal points, but in any point within laminae (layer) element. Integration of stiffness matrix per surface of the laminate remains the same as in the case of the single laminae, while thickness integration requires integration of each layer individually in relation to the local coordinate system of the laminate positioned in its middle plane (Figure 4 ).
Accordingly to this statement, it could be concluded that (21) Where A denotes integration across the surface of the mid-plane of plate, and z integration over its cross section.
Having in mind that surface integrals of laminate represent stiffness matrixes of laminae multiplied by specifi ed multipliers, the fi nal form of the above expression will be as follows: (22) where K mk and K bk are membrane and stiffness matrixses of banding of k-th laminae.
If the laminate has asymmetry property with respect to the z-axis (Figure 4) , its stiffness matrix, like in the case of laminae, could be decomposed on the membrane and stiffness matrix of laminate bending. If the membrane stress is coupled with bending procedure of integration of laminate, stiffness matrix stays the same, with the difference that in the matrix of diagonal blocks, Q k also appear out-of-diagonal blocks in accordance with the expressions (13) so that (23)
Reduced stiffness of laminate 4.2. Reducirana krutost laminata
In the case when all layers of the laminate are of equal thickness, equal orientation and equal mechanical characteristics, laminate stiffness matrix (22) becomes (24) where (25) In accordance with the expression (24), in this case the entire laminate could be viewed as a single layer, whereby multipliers N and α N are attached to the material stiffnesses, with the aim to encompass integration through the thickness of the laminate, i.e. ometry and material in relation to the mid-plane of the plate. Formally, this kind of stiffness matrix form is the same as in the case of isotropic plates, which is the consequence of geometrical or material or both geometric and material nonlinear treatment.
SOFTWARE PACKAGE FOR THE ANALYSIS OF LAMINATED STRUCTURES 5. PROGRAMSKI PAKET ZA ANALIZU LAMELIRANIH STRUKTURA
Stress and strain analysis of chair structures was conducted by application of software package KOMIPS for computer modeling and computation of structures, developed by Maneski (1998) . This software system is based on the fi nite element method. It possesses a wide library of elements starting from one-dimensional to general three-dimensional elements that enable modeling of geometry and physical discretization of very complex structures.
For this paper, fi nite laminate element is of particular importance, since it represents the basis of all our numerical analyses. Finding of stiffness matrix of fi nite laminate element requires the integration per its volume (23). As mentioned above, the volume integration problem could be translated to the integration per surface of fi nite element by introduction of the socalled reduced stiffness (26) and (28), which makes stiffness matrix procedure formulation more effi cient and identical to the classical plate theory. For this reason, subroutine REDKRUT for KOMIPS, that calculates reduced stiffness of the laminate, was applied.
CONCLUSIONS AND RECOMMENDATIONS
ZAKLJUČCI I PREPORUKE
On the basis of the above presented teorethical considerations, here are several conclusions and guidelines that were applied in further research (Nestorović, 2010 ).
1. For the determination of material constants as rheological material model for the conditions of planar stress, three separate uni-axial tension tests were conducted, for complex and uniform composition of laminate. In the tests, four independent elastic orthotropic constants of the modulus of electricity E x , E y , Poisson ration ν xy and shear modulus G xy were determined. In these tests, Poisson coeffi cient ν yx was also determined, but in the case when ν xy is known, it does not represent independent elastic constant. Also, bending tests were conducted, the results of which were elasticity bending modules E fx, E fx and stresses σ x , σ y .
2. Laminates with uniform composition of veneer sheets and complex composition of veneer sheets represent two composites, and in terms of rheology, two different material models. However, they are not independent, because material constants of complex composition could be unambiguously determined from the material constants of uniform composite, as shown by experimental results (Nestorovic, 2010).
3. In section 4 the composite plate/shell fi nite element was formulated. Such fi nite element is applicable to the problems of membrane stress and bending of composite structures. Volume integration of stiffness matrix was translated in the integration per mid-plane of the plate by introducing of the so-called reduced stiffness of the composite both for membrane stress and bending. Kirchhoff-Love hypothesis of the fl at sections of the plate after deformation, implies a linear change of componential deformation through the laminate thickness. Since the mechanical properties of layers are generally disparate, linear change of deformations leads to abrupt changes of componential stresses across the thickness of the composite. This is shown above in Figure 5 for the case of laminate composed of eight 1.5-mm-thick layers.
Having in mind that the cross section of the plate represents the section defi ned by the unit width and plate thickness, it is clear that the composite section forces are resultants of the componental stresses, i.e. their integrals across the laminate thickness. Provided that the integrals across the thickness are the same at each abrupt change of the stress and fi ctitious linear change, reduced membrane and reduced bending stiffness of the composite were defi ned.
4. Theoretical, experimental and numerical researches, and introduction of the reduced stiffness of complex laminate in the fi nite elements, together with the experiments on chairs (Nestorović, 2010 ) that were done in order to determine the stiffness of such systems by measurement of real displacements on the selected Figure 5 Reduced stiffness Slika 5. Reducirane krutosti models, confi rmed numerical calculations, enabling design, redesign, construction and dimensioning of not only chairs but of any beam or surface system based on the laminate, by varying material type, combination of diverse materials, layer thickness and fi ber orientation.
5. Using the acquired knowledge with the aim of determining material constants of orthotropic composites, the following experimental tests were proposed:
5.1 Production of specimens of massive structure (all fi bers oriented in the same direction) in the form of the cube (Figure 6 ). By uni-axial tensioning in x-direction, it was possible to determine elasticity modulus E x and Poisson coeffi cient ν xy , ν xz . Tensioning in the y-direction will result in modulus of elasticity E y and coeffi cients ν yx , ν yz . The same test in the z-direction will give E z and ν zx , ν zy . From here it is clear that, in the case of orthotropic composite, only six out of nine constants are mutually independent E x , E y , E z , ν xy , ν xz , ν yz .
5.2 For the determination of three independent material constants that contain shear modulus in xy-, xz-, and yz-planes, the following experiment was proposed: to make a specimen of the massive structure in the form of the cube with the fi bers oriented in the same direction as presented in Figure 6 .
Local plan of the lamina is defi ned by the unit vectors In analogue test that assumes tension in the global Z-direction, i.e. components of the shear stress are (38) Figure 6 Test cube for determination of shear elasticity constants Slika 6. Probna kocka za određivanje smičnih konstanti elastičnosti and dependencies between components of stress and strain tensors can be established in the form of σ = Cɛ (41) where σ and ɛ represent the above defi ned vectors of stress and strain.
Relation (41) enables stress and strain analysis of the orthotropic and anisotropic composite structures that have a 3D character. In the static terms, they represent thick plates and shells, in which shear deformation in planes (x-z, y-z) perpendicular to the middle plane of plate/shell (x-y) could not be neglected.
Further to the above, Figure 8 presents models of chairs that illustrate the possibilities of application of developed apparatuses in the process of design and redesign, regardless of shape, type of material, thickness of layers, or fi ber orientation.
